Introduction {#Sec1}
============

Optical momentum carried by light \[[@CR1]\] may be redirected by means of reflection, diffraction, scattering, or absorption to achieve radiation pressure on a material body. The idea of propelling a spacecraft to high velocities using solar radiations was first proposed in the early Twentieth century by Tsiolkovsky \[[@CR2]\]. With the advent of lasers in the 1960s, laser-propelled sails reaching relativistic velocities for interstellar travel were proposed \[[@CR3]--[@CR13]\]. One of the many challenges associated with a laser-propelled light sail is the achievement of "beam-riding," i.e., the autonomous ability to remain in the beam path without tumbling or sliding out. A decades-long approach considers shaped mirror structures \[[@CR14]--[@CR24]\]. The ponderomotive (or gradient) force as used in optical tweezers \[[@CR25]\] is currently negligible for practical space systems. The proposed use of diffraction to impart optical momentum to a body \[[@CR26]\] provides an opportunity to decouple the sail shape from the momentum transfer process, thereby affording a new degree of design latitude. For example, a one-dimensional bi-grating has been explored to demonstrate the principle of self-stability \[[@CR27], [@CR28]\]. The first experimental verification of this principle, along with the measurements of parametric damping, was reported by Chu \[[@CR29], [@CR30]\]. Furthermore, advancements in the design and fabrication of diffractive films using metamaterial principles provide opportunities to engineer desired optomechanical and other properties into the functionality of a sail \[[@CR31]--[@CR44]\]. In the near term we envision the integration of diffractive light sail components on future solar sailing missions to help resolve engineering challenges \[[@CR45]\] such as attitude control (see for example, Near-Earth Asteroid Scout \[[@CR46]\], Solar Polar Imager \[[@CR47]\], and Solar Cruiser \[[@CR48]\]).

This report extends our one-dimensional theoretical investigations of a bi-grating to a two-dimensional axicon grating sail. Section [2](#Sec2){ref-type="sec"} describes the transfer of momentum from the light beam to the sail, making use of sail and observer reference frames moving at small relative velocities, so that the Doppler-shifted wavelength may be ignored. The equations of motion for linear and angular degrees of freedom owing to optomechanical force and torque are described in Sect. [3](#Sec3){ref-type="sec"}. A linear stability analysis is described in Sect. [4](#Sec4){ref-type="sec"} where conditions for stable light propulsion are described. Numerical solutions of the equations of motion are presented in Sect. [5](#Sec5){ref-type="sec"}, including an analysis of motion in the stable regime. Important findings are summarized in Sect. [6](#Sec6){ref-type="sec"}.

Photon momentum transfer to a diffractive sail {#Sec2}
==============================================

Let us consider a laser beam of characteristic radial width *w* incident upon a sail of radius *a*. Radiation pressure applies a local force at all sail points, resulting in longitudinal acceleration along the optical axis, lateral force, and torque. The minimum beam size, $\documentclass[12pt]{minimal}
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We consider a sail comprised of a reflection grating that diffracts light toward the sail axis when illuminated at normal incidence. That is, the sail functions as an optical axicon (see inset of Fig. [1](#Fig1){ref-type="fig"}), having a periodic phase profile, $\documentclass[12pt]{minimal}
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The grating vector (see inset of Fig. [1](#Fig1){ref-type="fig"}) of the sail is directed radially inward from the center of the sail and is expressed$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \vec {K} = -(2\pi /\Lambda )\left( \cos \psi \ \hat{x}' + \sin \psi \ \hat{y}'\right) \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\Lambda $$\end{document}$ is the grating period and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\psi $$\end{document}$ is the polar angle measured counterclockwise from $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{x}'$$\end{document}$. At normal incidence, the angle between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{Z}$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\hat{z}$$\end{document}$ is zero, i.e., the sail normal and incident wave vector are perfectly aligned and the grating functions as a reflective axicon.

For an arbitrary attitude, the momentum imparted to the sail may be determined from the difference of linear photon momenta before and after diffraction. This difference is quantified by the photon momentum transfer efficiencies in the two reference frames: $$\documentclass[12pt]{minimal}
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In the sail reference frame the incident wave vector may be expressed$$\documentclass[12pt]{minimal}
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where *m* is the integer-valued diffraction order. For a normally incident beam where $\documentclass[12pt]{minimal}
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Let us express the components of the diffracted wave vector by use of a unit vector $\documentclass[12pt]{minimal}
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Let us now describe diffraction in the stationary reference frame where $\documentclass[12pt]{minimal}
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We therefore find the components of the efficiency vectors: $$\documentclass[12pt]{minimal}
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Optomechanics of a diffractive sail {#Sec3}
===================================
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An observer standing next to a stationary laser system will observe the sail moving through space in the $\documentclass[12pt]{minimal}
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Radiation pressure on a sail gives rise to forces and torques that may translate and rotate the sail. The translation of the sail in the frame $\documentclass[12pt]{minimal}
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The net radiation pressure force in the stationary reference frame is found by integrating over the local force elements:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \vec {F}_{net} = (1/c) \iint \limits _{-\infty }^{\infty } I \ P_{\mathscr {F}} \ \cos \phi \ \vec {\eta } \ dX \ dY = M \ddot{\vec {\pmb {\delta }}} \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{\mathscr {F'}}$$\end{document}$ is transformed into the reference frame $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathscr {F}$$\end{document}$ by the expression $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_{\mathscr {F}} = \mathbf {H}^{-1} P_{\mathscr {F'}}$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi $$\end{document}$ is the angle between the sail normal and the incident wave vector (i.e., $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\cos \phi = \hat{Z}\cdot \hat{z}'$$\end{document}$), $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I = |E(X,Y,Z)|^2$$\end{document}$ is the beam irradiance described in Eq. ([1](#Equ1){ref-type=""}), *c* is the speed of light, and we have applied Newton's second law to the right-hand side where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M=M_s + M_p + M_b$$\end{document}$ is the total light sail mass.

Unlike the net force, the net torque $\documentclass[12pt]{minimal}
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Linear stability analysis of a diffractive sail {#Sec4}
===============================================

From a practical point of view we desire the sail to accelerate in the $\documentclass[12pt]{minimal}
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Numerical solutions {#Sec5}
===================

Closed-form solutions of the system equations of motion generally do not exist, and therefore, numerical integration methods must be applied. For a representative non-optimized case we examined a laser-sail system having parameters listed in Table [1](#Tab1){ref-type="table"}. We assumed a beam power of $\documentclass[12pt]{minimal}
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We numerically computed Eqs. ([13](#Equ21){ref-type=""})--([16](#Equ24){ref-type=""}) for different initial values of linear and angular displacement, plotting the results in Fig. [2](#Fig2){ref-type="fig"}. The linear nature of the force and torque near-equilibrium is clearly evident in Fig. [2](#Fig2){ref-type="fig"} for the range $\documentclass[12pt]{minimal}
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A perspective of the net force exerted on the sail at equilibrium is depicted in Fig. [3](#Fig3){ref-type="fig"}a where local transverse components of force are displayed, resulting in no net transverse force. Similarly, the net torque exerted on the sail at equilibrium is depicted in Fig. [3](#Fig3){ref-type="fig"}b where local transverse components of torque, are displayed, resulting in no net transverse torque. If the sail is displaced from equilibrium to the right, as in Fig. [3](#Fig3){ref-type="fig"}c the net force drives the sail to the left. In Fig. [3](#Fig3){ref-type="fig"}d the net torque is in the $\documentclass[12pt]{minimal}
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Values of the slopes at the equilibrium points are obtained from Fig. [2](#Fig2){ref-type="fig"}, which along with the mass and moments of inertia in Table [1](#Tab1){ref-type="table"} allow us to determine the values of $\documentclass[12pt]{minimal}
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Solutions of the equations of motion for a given set of initial conditions were numerically solved by use of the fourth-order Runge--Kutta method. An example that illustrates stable motion for small perturbations from equilibrium is shown in Fig. [4](#Fig4){ref-type="fig"} for the system initially at rest and displaced: $\documentclass[12pt]{minimal}
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An examination of Fig. [5](#Fig5){ref-type="fig"} indicates that force and torque are nonlinearly related to linear and angular displacements for $\documentclass[12pt]{minimal}
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Summary {#Sec6}
=======

Diffraction-based light sails provide a design flexibility that is not afforded by reflective sails. This is attributed to the controlled redirection of light by an engineered diffractive surface rather than a deformed reflective surface. We have described the optomechanics of a rigid non-spinning laser-driven sail comprised of a reflective axicon diffraction grating and a payload attached to a boom. A single diffraction order is assumed, producing diffraction toward the optical axis. Such diffraction affords passive stability while also providing longitudinal acceleration along the beam axis. Our example exhibited 90% of the maximum theoretical value of force along the optical axis, with the 10% deficit sacrificed to achieve beam-riding stability against transverse perturbations as large as 30% of the sail radius and attitude perturbations as large as $\documentclass[12pt]{minimal}
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                \begin{document}$$6^\circ $$\end{document}$. Numerical methods were used to integrate the coupled equations of motion, allowing us to illustrate stable oscillations and to map regions of stable and unstable motion. A linear stability analysis predicted as many as four modes of oscillation, reducing to two degenerate frequencies for our symmetric structure. Both the attitude and transverse motion exhibited the two frequencies. The squared frequency was found to increase linearly with beam power. Our optomechanical model may be readily extended to include complex diffractive structures, complex beam shapes, modulated beam power, and a spinning sail. The model requires further work to include the Doppler effect \[[@CR51]\], mechanical compliance, and center-of-mass center-of-pressure offsets. Advanced features that may be integrated into the diffractive sail include active attitude control \[[@CR31], [@CR45], [@CR52]\].

Appendix 1: Euler angles {#Sec7}
========================
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Appendix 2: Rotation of diffraction efficiency vectors {#Sec8}
======================================================
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Appendix 3: Homogeneous coordinates {#Sec9}
===================================
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